A new theory of shock dynamics Part II: Numerical solution  by Prasad, Phoolan & Ravindran, Renuka
Appl. Math. Lctt. Vol. 3, No. 3, pp. 107-109, 1990 
Printed in Great Britain. All rights reserved 
089~9659190 $3.00 + 0.00 
Copyright@ 1990 Pugamon Press plc 
A New Theory of Shock Dynamics 
Part II: Numerical Solution 
PHOOLAN PRASAD 
RENUKA RAVINDRAN 
Department of Applied Mathematics, Indian Institute of Science 
(Received November 1989) 
Abtract. A new theory for the calculation of the succasive positions of a shock was suggated 
in Part I. For one dimensional problems, it required integration of a finite number (say, 4 or 
5) of ordinary diierential equations derived from an infutite set of compatibility conditions. 
Numerical results here show that the error can be made less than 0.1 percent. 
1. INTRODUCTION 
In Part I of this paper, the analytic considerations of this proposed theory of shock dynamics 
were discussed with reference to the equation ui + uu, = 0. An infinite system of ordinary 
differential equations was obtained for the determination of the shock position X(t), the 
shock strength uc(l) and the spatial derivatives ui(t), i 2 1. If in the (n + 2)th equation 
of this system, u,,+i were set equal to zero, then these (n + 2) equations form a closed 
system from which the approximate shock position, X(t), the approximate shock strength 
iic(t) and approximate spatial derivatives iii(t), i = 1,2,. . . n, can be determined. The 
advantage of this truncated system is that it reduces the infinite dimensional problem to a 
finite dimensional one for which the solution is easily obtained by numerical integration. 
2. EXAMPLES 
The truncated system is a system of (n + 2) equations in r?, Cc, li E (9) 
dX0 730 
-=- 
dt 2 
dii, 1 - - 
dt = -5uov’ 
diii 
(j+ l)co&+l -_ 
dt= 2 
(i + 1) i -_ 
2 c 
Ej6i_j+l 
j=l 
i= 1,2,...n-1 
di& n+l n 
-= 
dt 
--c- - 
2 j=l 
vjvn-j+l 
(2.1) 
P-2) 
(2.3) 
(2.4) 
with the following initial conditions 
X(0) = Xc, given 
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&J(O) = @(X0 - O), k(O) = ; (. > g ,i= 1,2,...n r=ro-0 (2.5) 
Xc is the position of the shock in the initial data u(z,O) = Q(z). 
For numerical computation, two special cases are considered. 
Case 1. 
=+‘7 ( 1 
2 
@l(X) = - 
q+-1 ’ 
= E (-55 1) 
=o elsewhere 
Case 2. 
O*(x) = ae @=, xc0 
= 0 elsewhere 
For @r(t), X0 = 1 and Gi(O) = 0 for i 2 3 
Without loss of generality for @z(t), we can set a = 1, p = 1 because by a change of variable 
x = px,t = E,u = CYU, 
this can be obtained. 
Here Xc = 0 and G)(O) = Gi(O) = 1 for all i 1 1 
The exact position of the shock in this simple case can be obtained from the equation: 
tGz(<) -,- Jxl GIG = 0, 
where [ = X - uot. In the case 1 we have 
a t+v 4+ (4 2 (< + d3 - (1 + VI3 = 0 v+l 3 (1+ VP 
and in case 2 
teZC + 2(eE - 1) = 0 
which give the value of <. This in turn helps to evaluate the other quantities on the shock 
@“(C> @“W w'(r)1* 
u2 = 2[1 + t@‘(<)]3’ v3 = 6[1+ tW(<)]4 - 2[1 + tW(<)15 
and so on. In case 1 where @([) = 0 for i > 3, we have 
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t 
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vi(t) -+ 0 as t -+ co for all i and gives a value for comparison with the approximate results. 
The initial data in case 1 is nonzero only in the interval (-7, l), with a shock at x = 1. As 
7 + co the disturbance behind the shock approaches a constant state u = 1. For 7 close 
to -1, Q increases very rapidly from 0 to 1 over a very short distance, so that the spatial 
derivatives of u play an important role in this case. For numerical computation, we have 
chosen 17 = -0.5. The initial data in case 2 is not of compact support. 
Tables 1 and 2 give the values of u for initial values corresponding to cases 1 and 2 at 
t = 1.0, 5.0 and 10.0. n = X: denotes that uk+r is set equal to 0 and X: + 2 equations (2.1)- 
(2.4) with (2.5) are considered. For n = 1, the error in u is sizeable, but for n = 2, the error 
drops rapidly (less than 1% in case 2), while for n = 3, it is uniformly very small, as for 
n = 5,8,25 as well. Computation was done for the case 2 with cr = 1, ,B = 1. 
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TABLE 1: n = -0.5 
t = 1.0 t = 5.0 t = 10.0 
Exact .473;0445 
n= 1 .4472 1360 
n= 2 .47171239 
n= 3 .47366942 
n= 5 .47390183 
n= 8 .47390560 
n= 25 .47390561 
% error 
.242;1081 
% error % error 
.175;2092 - 
-5.6 .21821789 -9.9 .15617376 -11.0 
-.46 .23787367 -1.8 .17140803 -2.5 
-.50 x 10-r .24120493 -.46 .17440411 - .75 
-.56 x 1O-3 .24221465 -.40 x 10-l .17554484 -.lO 
.24 x 1O-3 .24230783 -.12 x 1o-2 .17570887 -.68 x 1O-2 
.24 x 1O-3 .24231136 .24 x 1O-3 .17572129 .22 x 10-s 
TABLE 2: Q = e’, x < 0; Q = 0; x > 0 
t = 1.0 t = 5.0 t = 10.0 
Exact .732;5081 
n= 1 .70710678 
n= 2 .73372900 
n= 3 .73200502 
n=5 .73205096 
n= 8 .73205081 
n = 25 .73205081 
% error 
-3.4 
.23 
-.63 x 1O-2 
.26 x 1O-4 
0 
0 
.463;2497 
.40824829 
.46777169 
.46355666 
.46331988 
.46332497 
.46332496 
% error % error 
- .358l5757 - 
-12 .30151134 -16 
.96 .36157950 .93 
.50 x 10-l .35872978 .13 
-.ll x 10-2 .35825020 -.21 x 1O-2 
0 .35825765 .22 x 10-4 
0 -35825757 0 
3. CONCLUSION 
For the equation ut + uuz = 0, with initial condition having a single jump discontinuity, 
the shock position X(i), shock strength uo(t) and the spatial derivatives at the shock ui(t) 
are given by an infinite set of ordinary differential equations. If this set is truncated at any 
stage, involving 5 or more equations, this closed system of equations can be easily integrated 
numerically to give very accurate results. This is in sharp contrast to the characteristic rule, 
where only two equations are considered and the error involved could be extremely large. 
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